Abstract
Introduction
The ductility analysis of reinforced concrete beams has been studied by several researchers, Base [1], Base & Read [2], Nawy [3] and Ziara et al. [4] . In this paper over-reinforced concrete beams were theoretically and experimentally analyzed. These beams (see Figure [ 1]) had a confinement reinforcement configuration and concrete compression strength of 25 MPa after 25 days in order to observe the influence of the confinement reinforcement on the structural behavior of the beams. A computational program based on the Finite Element Method, which considers the physical and geometrical non-linearity of the structure as well as the effect of the confinement stirrups, carried out the theoretical analysis. The computational program was developed by Krüger [5] while the implementation of the confinement model was developed by Lima Júnior & Giongo [6] . The confinement model used in the program was created by Saatcioglu & Razvi [7] . The methodology, developed by Lima Júnior & Giongo [8] , was used to determine and calculate the ductility indexes of the numerically and experimentally analyzed reinforced concrete beams. Therefore, a statistics plan was created to determine the ideal ductility indexes, considering normally balanced beams. These indexes were determined by numerically analyzing underreinforced beams with 10 ‰ longitudinal strain in the tensile reinforcement and 3.5 ‰ concrete longitudinal strain (compressive zone), varying the height and width of the beam cross section as well as the concrete compression strength. Over-reinforced beams with confinement reinforcement were also numerically analyzed. An analysis of variance was createdwith the ductility indexes of each over-reinforced beam to verify which variables are more relevant in the ductility study. The variance analysis comprised the following variables : the concrete compression strength, the tensile reinforcement strain, confinement reinforcement spacing and the geometrical shape of the stirrups used for confinement. Considering the results obtained through the numerical analysis along with an understanding acquired through bibliographic review, an experimental program was elaborated with the aim to analyze the ductility of the beams with confinement reinforcement. This program consisted of testing four reinforced concrete beams, whereas three of them were designed with confinement reinforcement and one without it. All the tested beams were designed following normally balanced beams specifications considering the specific concrete strains equal to 3.5 ‰, in the compressive zone.
Validation of the computational model
A comparative analysis based on the experimental results from several authors was carried out to verify if the numerical model which was used provides good results. In 1962, Base [1] tested 2 reinforced concrete beams, whereas one was designed in a conventional way and the second with helical confinement reinforcement placed in the compression zone of the beam cross section. A good approximation between the models was observed with a 0.70% difference between the found maximum loads. In the experimental model the displacement measured at mid-span, when the tensile reinforcement yielding started, was 1.05 cm, while the numerical model had a strain of 1.89 cm, presenting therefore a difference of 56% between the two models. In 1965, Base & Read [2] also carried out an experimental analysis with sixteen reinforced concrete beams, whereby six were designed with helical confinement reinforcement also placed in the compres-ing the theoretical and experimental model are presented. It was observed that the numerical model was not as effective as the analyses carried out before. One of the factors might have been the presence of tensile stresses in the confinement stirrups, because these stirrups enveloped the whole cross section deducting the concrete cover. However, it was observed, that the maximum bending moments obtained numerically had a good approximation compared to those obtained in the experiments. Ziara et al. [4] tested two series of reinforced concrete beams confined through rectangular stirrups, whereby one series with under-reinforced beams and the other with beams. For the underreinforced beams, the confinement stirrups were placed just in the compression zone of the beam cross section, while for the beams the confinement stirrups were placed around the whole cross section, deducting the concrete cover. As the confinement stirrups are similar to the stirrups used for shear stress, this may cause inefficiency in the confinement as mentioned before. sion zones of the cross sections. From these 6 confined beams, 2 were under-reinforced beams (beams 1 and 2), two were normally reinforced (beams 4 and 5) and two were beams (beams 9 and 16). It was observed that the computational model presented a satisfactory behavior. In beam 16 a great discrepancy between the results was noticed and the authors could not identify the possible causes for this fact. Table [ 1] presents the differences found between the theoretical and experimental results. Nawy et al. [3] tested two series of beams confined with continuous rectangular helical reinforcement to verify the plastic rotation capacity of the beams. The confinement stirrups of these beams covered the whole cross section, deducting the concrete cover, therefore similar to the stirrups used for the shear stress. This stirrup arrangement is not as effective as the arrangement in just the compression zone of the cross section, because parts of the stirrups are located in the tensile zone of the beam causing deficiency in the confinement. In Table [ Table [3] it is possible to observe the differences between the theoretical and experimental models. The numerical model presents good approximation with an excessive difference in just one of the analyzed beams probably by the fact that the confinement stirrups enveloped the whole cross section of the beam. With the twenty-three beams simulated numerically, it was possible to observe that the numerical model provided good results and consistency, although some beams presented great differences compared with the experimental models. Delalibera [9] presents more details about the numerical simulation.
Determination of the ideal ductility Index
To determine an ideal index for the beams, a statistical study was carried out with 27 under-reinforced beams designed with strain in the tensile reinforcement equal to 10‰ and in the concrete equal to 3.5‰, that is, beams with strains related to down balanced beams specifications, according to the Brazilian Standard NBR 6118:2003 [10] . The beams were supported and had a theoretical span of 300 cm. These beams were chosen to determine the ideal ductility index, because their structural behavior follows the stress vs. strain diagram of the tensile reinforcement. The steel yields until the strain of 10‰ before the concrete reaches the strain limit for the ultimate limit state. The beams were numerically analyzed using the numerical model as mentioned previously. Based on the non-linearity of the problem, three study parameters were chosen for the involved variables. In Table [ 4], the general properties of the numerically analyzed beams are presented. A statistical study was carried out with the data of Table 4. The ideal pre-peak ductility index (ID pre,ideal ) of 0.455 and the ideal post-peak ductility index (ID post,ideal ) of 0.905 were found. These values were obtained through the average of the ductility indexes of the analyzed beams, whereby the standard deviations for the ideal pre-peak and post-peak ductility indexes were 0.092 and 0.0188 respectively. Where f ck is the characteristic compression strength of the concrete, b w the width of the beam cross section, h the height of the cross section, d the effective height of the beam, A s the area of the tensile reinforcement, ø the diameter of the tensile reinforcement, δ c0,fy strain at the yielding moment of the tensile reinforcement, F max the maximum load supported by the beam, IR c the stiffness index of the beam, ID pre the pre-peak ductility index, ID post the postpeak ductility index e ID elast . the elastic ductility index, the ductility indexes were calculated using the method proposed by Lima Júnior & Giongo [11] and presented in Table [4] . The CA-50 steel (in accordance with Brazilian Standard NBR 7480:1996 [12] ) was used for all the analyzed beams. Through this numerical analysis, the values of volumetric ratio of transverse confinement reinforcement used in the experimental analysis were obtained. For details, please refer to Delalibera [9] .
Numerical analysis
The objective of this analysis is to evaluate the structural behavior of reinforced concrete beams designed with confinement reinforcement, which were dimensioned following overbalanced beam specifications. Therefore 27 beams confined with square stirrups were analyzed. Three reference beams are also presented (see Table [ 5]). These three beams were designed in a conventional way, without confinement reinforcement, with strains in the tensile reinforcement equal to ε y . The details of the beams are presented in Figure [1] . The CA-50 steel [12] was used for both longitudinal and transversal reinforcement. The diameter of the stirrups used for confinement was 5mm. All the beams have a cross section of 10 cm width and 30 cm height. The general properties of the beams in study are presented in Table [5] . It is possible to observe the ductility increase and the flexural strength increase, as a consequence of the increase of the transverse confinement reinforcement ratio. The pre-peak (ID pre ) and post-peak (ID post ) ductility indexes are presented in Table [6] . With the data of Table [ 6] an analysis of variance was carried out where it is possible to verify that, for the pre-peak ductility index, the most relevant variable is the characteristic concrete compression strength, followed by the tensile reinforcement strain. For the post-peak ductility index, all the variables involved had relevant influence. These data can be observed in Table [7] , through the influence factor F 0 . With the data obtained through the analysis of variance and using the pre-peak and post-peak ductility indexes given in Table [7] a non-linear regression was carried out, in which the obtained expressions describe those indexes. However it is possible to confirm that the pre-peak ductility index is a function of the characteristic concrete compression strength and also of the tensile reinforcement, while the post-peak ductility index is a function of all the involved variables. The post-peak and pre-peak ductility indexes for the beams confined with square stirrups can be expressed by Equations Where, f ck , s, and ε s expressed in MPa, cm and % respectively. The correlation coefficients for the regressions of the pre-peak and post-peak ductility were 95% and 77%, observing that even disregarding some variables the correlation coefficients present satisfactory values. 
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Experimental analysis
The specification of the reinforced concrete beam models depended on parameters such as concrete compression strength, dimensions of the beams, category, nominal diameter and details of the reinforcement bars. Through the bibliographical revision required for the development of this research, it was verified that confinement reinforcement becomes only interesting in beams, where the risk of abrupt failure of the structural element exists due to the concrete crushing in the compression zone of the cross section. Through, also, the data supplied by the numerical analysis of item 4, it was observed that the most relevant factor in this study of reinforced concrete beams designed with confinement reinforcement is the transverse confinement reinforcement ratio. Therefore, an experimental program was created, in which 4 over-reinforced beams were tested. These beams had strains relative to normally balanced beams and the spacing between the stirrup axles used for the beam confinement as a study parameter. Some of the tested beams were reference beams, in other words, designed without confinement reinforcement. The designed beams with confinement reinforcement are from the VC series (Confined Beams), while the beams designed in a conventional way are from the VS series (Simple Beam). All beams had a cross section of 15 cm width by 30 cm height, beam length of 305 cm and effective span of 285 cm. Figure [2] presents the cross section and the static scheme of the tested beams. The static scheme of supported beams was adopted for its easy execution of the tests at laboratory and because it was not the predominant factor in the ductility analysis, whereby the values of the bending moments and vertical strain measured at mid-span are necessary.
The tested beams were designed with concrete compression strain ε c = 3.5 ‰, tensile reinforcement strain ε y = 3.87 ‰ and the average concrete compression strength equal to 25MPa. For the design of the beams the basic hypotheses recommended by the Brazilian Standard NBR 6118:2003 [10] were respected. However, the tensile reinforcement area calculated for the beams was 8.80 cm 2 (2 ø 20 mm and 2 ø 12.5 mm), while the compression reinforcement area was 0.63 cm 2 (2 ø 6.3mm). Therefore, the tensile reinforcement ratio and compression reinforcement ratio were equal to ρ = 1.96 % and ρ' = 0.14 % respectively. These reinforcement areas respected the limit specified by the Brazilian Standard NBR 6118:2003 [10] , which is equal to 4 % of A c , where A c is the cross sectional area of the beam. The transverse confinement reinforcement was dimensioned following the recommendations of NBR 6118:2003 [10] , related to the model I, in which it is allowed that the strut is inclined at θ = 45º in relation to longitudinal axis of the beam and V c (part of the shear stress resisted for complementary mechanisms the truss model idealized by Ritter e Mörsch) is presumed to be constant. Double leg closed stirrups were adopted with 8 mm diameter and spaced 7 cm. The confinement stirrups had a 5 mm diameter and spacing of 5 cm, 10 cm and 15 cm. These stirrups were placed in the compression zone of the cross section (above the neutral axis), where only compression stresses existed. This arrangement was adopted to avoid the absorption of tensile stresses by the stirrups, therefore, increasing the confinement efficiency. The stirrup anchorage was guaranteed through hooks with an angle of 45º and length of 10φ t .
The Figure [3] shows the reinforcement bar details of the tested beam. A computerized servo-hydraulic test machine (Instron, model A1891Y-1001) was used for testing the beams, that allowed to carry out static tests with a maximum nominal load of 639kN, having a maximum piston stroke of 150mm. SYSTEM 5000 of the Measurements Group was used for the data collection system of stress, strain and displacement values supplied, respectively, by the servo-hydraulic test machine, transducers and extensometers. One aim of the tests was to analyze the beam ductility. Therefore, it was necessary to know the behavior of the descending branch of the load vs. displacement curve. This was only possible with the use of the servo-hydraulic test machine, where, through the piston, displacements were applied instead of loads. The load speed for all the tested beams started at 0.010 mm/s until the appearance of the first crack. After its occurrence, the speed was increased to 0.020mm/s, maintaining this speed until the end of the test. The use of a metallic beam placed on the beams was necessary, so that two load application points were obtained, see Figure [4] . The metallic beam constituted by two I steel profiles of Theoretical and numerical analysis of reinforced concrete beams with confinement reinforcement 254 mm and web thickness of 7.9 mm, could support a load of 300 kN applied at mid span. The profiles were made of A-36 steel with yield strength of 250 MPa. The metallic beam was supported on steel plates of 150 mm x 100 mm x 15 mm with a theoretical span of 127.5 cm.
The plan dimensions of the supporting steel plates were 150 mm x 100 mm. These dimensions were chosen to avoid concrete crushing in the contact area of supporting plates with the beams. The same procedure was adopted for steel plates used in the two load application points. For a better stress distribution in the beam close to the two load application points, wet sand was placed under each plate with an average sand thickness of 5mm. Figure [4] shows the test scheme of the beams. Table [8] shows the general properties of tested beams, results of concrete compression strength (f c ), results of the concrete longitudinal module (E c ) and results of confinement parameters as compression strength of the confined (f cc ), strain of the confined concrete (ε c ) and strain of the confined concrete related to 85 % of the ultimate stress. In Figures 5 and 6 , the ductility increase can be observed with the volumetric ratio increase of the confinement reinforcement, in other words, the ductility index increases as the spacing between stirrups decreases, because the volumetric ratio of the confinement reinforcement is inversely proportional to the spacing between stirrups intended for confinement. For the unconfined beam, beam VS-01, the volumetric ratio of the confinement reinforcement is equal to zero, therefore the spacing between stirrups tends to the infinite.
The increase of the post-peak ductility index due to the increase of the transverse confinement ratio can be verified in Table [9] where the ductility indexes of each tested beam are presented. In figure [5] and [6] it is also possible to verify that there was no increase of the flexural strength capacity of the confined beams compared to the unconfined beam, in other words, it was not observed significant increase in the flexural strength capacity of the beams due to the increase of the transverse confinement ratio. Where ρ sw,conf is the volumetric ratio of the transverse confinement reinforcement, expressed in %. All the ductility indexes of the tested beams did not reach the ideal ductility index of 0.905 given in item 4 (ID postt,ideal = 0.905). However, beam VC-03 with a highest volumetric ratio of the confinement reinforcement had a post-peak ductility index equal to 0.878, very close to the ideal ductility index, therefore, considered ductile. Based on analysis of the pre-peak ductility index, ID pre , it was concluded that the results varied randomly not depending on the volumetric ratio of the transverse confinement reinforcement. This was already expected, because according to the numerical analysis developed in item 4, the predominant factor of the pre-peak ductility index for beams confined through square stirrups is the concrete compression strength, followed by tensile reinforcement strain and finally the spacing between confinement stirrups.
According to the methodology developed by Lima Júnior & Giongo [6] , for a hypothetical beam with perfect elastoplastic behavior, the pre-peak ductility index would be equal to 0.5, while the post-peak ductility index would be equal to 1. Observing Figure [7] , it is noticed that the post-peak ductility index tends to 1.0, therefore complying with the methodology developed by the researchers as mentioned above. Besides the influence of volumetric ratio of the transverse confinement reinforcement on beam ductility as shown previously, there is also a direct influence on the compression strength of the confined concrete, in other words, the higher the volumetric ratio of the transverse confinement reinforcement, the higher the compression strength of the confined concrete. Through the tests of beams VC-01, VC-02, VC-03 and VS-01, it was possible to observe this behavior. In Figure  [ 9] the influence of the volumetric ratio of transverse confinement reinforcement could be verified on the compression strength of the confined concrete. Carrying out a nonlinear regression of the curve in Figure [9] , an expression was obtained that represents the confined concrete compression strength in function of the unconfined concrete strength and the volumetric ratio of the transverse confinement reinforcement, Equation [4] . The relations between the strength of the confined concrete and unconfined concrete used to describe the curve of Figure [9] were obtained through the arithmetic mean of the confined concrete compression strengths of each layer of the confined concrete core in relation to the unconfined concrete compression strength.
The correlation coefficient R 2 of Equation [4] is 99% and the compression strengths of the confined and unconfined concrete are expressed in megapascals. Conclusion The numerical model provided consistent results when compared with the results of experimental models, presenting good approximation. In relation to the ductility of the beams, it was observed that, with the increase of volumetric ratio of transverse confinement ratio, there was an increase of the post-peak ductility index. The ductility evaluation criterion proposed by Lima Júnior & Giongo [6], gave a reasonable idea regarding the ductility, presented by the beams.
Therefore it was demonstrated that in the post-peak, the behavior of the structural elements tended to the plastic-perfect model. The analysis of the pre-peak ductility index, ID pre , showed that the results of these indexes varied randomly, not depending, therefore, on volumetric ratio of the transverse confinement reinforcement. This was already expected, because based on the results of the numerical analysis developed in item 4, it is noticed that for beams confined through square stirrups, the factors that influence this index are: concrete compression strength followed by the tensile reinforcement strain and at last the volumetric ratio of the transverse confinement reinforcement, enabling to disregard this last variable. The confinement reinforcement, besides increasing the ductility of the structural elements, also increases the concrete compression strength within the confined concrete core, whereas this increase is proportional to the increase of volumetric ratio of the confinement reinforcement. The compression strength of the confined concrete core has in-Theoretical and numerical analysis of reinforced concrete beams with confinement reinforcement creased by an average of 13 %. This increase was not enough to increase the flexural strength capacity of the beams. The compression strength of the confined concrete core decreases with the proximity of the neutral axis, because the effective lateral confinement stresses also decrease with the proximity of the neutral axis. 
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